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Abstract
The spaces of triangulations of a given manifolds have been widely studied. The celebrated
theorem of Pachner [12] says that any two triangulations of a given manifold can be connected by
a sequence of bistellar moves or Pachner moves, see also [3, 11]. In the present paper we consider
groups which naturally appear when considering the set of triangulations with the fixed number
of simplices of maximal dimension.
There are two ways of introducing this groups: the geometrical one, which depends on the
metrics, and the topological one. The second one can be thought of as a “braid group” of the
manifold and, by definition, is an invariant of the topological type of manifold; in a similar way,
one can construct the smooth version.
We construct a series of groups Γkn corresponding to Pachner moves of (k − 2)-dimensional
manifolds and construct a canonical map from the braid group of any k-dimensional manifold to
Γkn thus getting topological/smooth invariants of these manifolds.
AMS MSC 57M25,57M27
Keywords: group, configuration space, braid, manifold, triangulation, Gale diagram, permutohe-
dron, associahedron
Introduction
Returning back to 1954, J.W. Milnor in his first paper on link groups [10] formulated the idea that
manifolds which share lots of well known invariants (homotopy type, etc.) may have different link
groups.
In 2015 the second named author [8] defined a series of groups Gkn for natural numbers n > k and
formulated the following principle:
if dynamical systems describing the motion of n particles possess a nice codimension one property
depending exactly on k particles, then these dynamical systems admit a topological invariant valued
in Gkn.
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We shall define braids on a manifold as loops in some configuration space related to the manifold.
FollowingGkn-ideology, we mark singular configurations, while moving along a loop in the configuration
space, to get a word — element of a “Gkn-like” group Γ
k
n. Singular configurations will arise here from
the moments of transformation of triangulations spanned by the configuration points; and in this case
the good property of codimension one is “k points of the configuration lie on a sphere of dimension
k − 3 and there are no points inside the sphere”.
In the present paper, we shall consider an arbitrary closed d-manifold Md and for n large enough
we shall construct the braid group Bn(M
d) = pi1(Cn(M
d)), where Cn(M
d) is the space of generic (to
some extent) configurations of points in Md that is dense enough to span a triangulation of M . This
braid group will have a natural map to the group Γd+2n . Here n will be estimated in terms of minimal
number of triangles of a triangulation of M . We shall consider point configurations for which the
Delaunay triangulation exists, see [1].
In book [3] I.M. Gelfand, M.M. Kapranov and A.V. Zelevinsky considered the set of triangulations
from the point of view of combinatorics or topology, but they have never treated triangulations alge-
braically, i.e. as a group.
The paper is organised as follows. In the first section we introduce a manifold of triangulations
of an arbitrary manifold Md. We propose there three approaches to the manifold of triangulations:
a geometrical one which deals with Delaunay triangulations of Md, a topological one, and a purely
combinatorial which speaks in terms of PL-structure of Md using combinatorial language [11]. Then
we consider the configuration space (of points in the Euclidean space) and its triangulations. Thus,
we characterise the local structure of the manifold of triangulations and define groups Γkn to describe
it. These groups extend the construction of the group Γ4n considered in [5]. The paper concludes
with the main results in the third section including Γkn-valued invariant of braids on manifolds, an
invariant in a direct product of the groups Γkn, a description of triangulations of a polyhedron in terms
of Γkn, and a description of a variation on the Γ
k
n groups in geometrical sense corresponding to oriented
triangulations.
The idea of this work comes from the second named author, and the third named author defined
the constructions of Γkn, k ≥ 5, given in Section 2.
The authors are very grateful to S. Kim for extremely useful discussions and comments.
The first named author was supported by the program “Leading Scientific Schools” (grant no.
NSh-6399.2018.1, Agreement No. 075-02-2018-867) and by the Russian Foundation for Basic Re-
search (grant No. 19-01-00775-a). The second named author was supported by the Laboratory of
Topology and Dynamics, Novosibirsk State University (grant No. 14.Y26.31.0025 of the government
of the Russian Federation). The third named author was supported by the program “Leading Sci-
entific Schools” (grant no. NSh-6399.2018.1, Agreement No. 075-02-2018-867) and by the Russian
Foundation for Basic Research (grant No. 18-01-00398-a).
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1 The Manifold of Triangulations
In the present section we define three types of manifold of triangulations: a geometrical one, a topo-
logical one, and a combinatorial one. We begin with geometrical approach, considering a manifold
with Riemannian metric.
1.1 Geometrical manifold of triangulations
Fix a smooth manifold M of dimension d with a Riemannian metric g on it. Let n ≫ d be a large
natural number. Consider the set of all Delaunay triangulations of M with n vertices x1, . . . , xn (if
such triangulations exist). Such Delaunay triangulations are indexed by sets of vertices x1, . . . , xn,
hence, the set of such triangulation forms a subset of the configuration space C(M,n). It is clear
that the above subset will be an open (not necessarily connected) manifold of dimension dn: if some
n pairwise distinct points (x1, . . . , xn) form a Delaunay triangulation then the same is true for any
collection of points (x′1, . . . , x
′
n) in the neighbourhood of (x1, . . . , xn). We call a set of points x1, . . . , xn
admissible if such a Delaunay triangulation exists.
Hence, we get a non-compact (open) manifold Mdng . This manifold has a natural structure.
Namely, we call two collections (x1, . . . , xn) and (x
′
1, . . . , x
′
n) adjacent if there is a path (x1,t, . . . , xn,t)
for t ∈ [0, 1] such that (x1,0, . . . , xn,0) = (x1, · · · , xn) and (x1,1, . . . , xn,1) = (x′1, . . . , x
′
n) and there
exists exactly one t0 ∈ [0, 1] such that when passing through t = t0 the Delaunay triangulation
(x1,t, . . . , xn,t) undergoes a flip (also called Pachner moves or bistellar moves). Generally, the Pach-
ner moves, which do not change the number of points, may be not enough. In that case, we shall have
many components and the invariant (with values in Γkn) will be a set of groups. In dimension 3 the
Pachner moves are sufficient [9].
The flip (Pachner move) corresponds to a position when some d + 2 points (xi1,t0 , . . . , xid+2,t0)
belong to the same (d− 1)-sphere Sd−1 such that no other point xj lies inside the ball B bounded by
this sphere.
Note that the above definition heavily depends on the metrics of the manifold M . For example,
if we take M to be the torus glued from a square 1× 10, the combinatorial structure of the manifold
of triangulations will heavily differ from the combinatorial structure for the case of the manifold
of triangulations for the case of the torus glued from a square 1 × 1. The topological manifold of
triangulations which is independent on the metric will be defined in the next section.
Every manifold of triangulations described above has a natural stratification. Namely, every point
of Mdng is given by a collection of (x1, . . . , xn). Such a collection is generic if there is no sphere S
d−1
such that some xi1 , . . . , xid+2 belong to this sphere with no other points among xk belonging to this
sphere.
We say that a point (x1, . . . , xn) is of codimension 1, if there exists exactly one sphere with exactly
d+ 2 points on it and no points inside it; analogously, codimension 2 strata correspond to either one
sphere with d+ 3 points or two spheres containing d+ 2 points each.
In codimension 2 this corresponds either one point of valency five in Vorono¨ı tiling or two points
of valency four in Vorono¨ı tiling.
Hence, we have constructed a stratified (open) manifold Mdng . We call it the metrical manifold of
triangulations.
Note that the manifold Mdng may be not connected, i.e. there can exist non-equivalent triangula-
tions. On the other hand, if one considers the spines of some manifold, they all can be transformed
into each other by Matveev–Piergallini moves [9].
Denote the connected components of Mdng by (M
dn
g )1, . . . , (M
dn
g )p.
Definition 1. The geometrical n-strand braid groups of the manifold Mg are the fundamental groups
Bg(Mg, n)j = pi1((M
dn
g )j), j = 1, . . . , p.
1.2 Topological manifold of triangulations
Now, let us pass to the definition of the topological braid groups. To this end, we shall construct the
2-frame of the topological manifold of triangulations. The idea is pretty simple. We try to catch all
simplicial decompositions which may eventually happen for the manifold of triangulations for whatever
metrics, and glue them together to get an open (non-compact) manifold.
Consider the manifold Md. We consider all possible metrics gα as above. They naturally lead to
Mdngα as described in the previous section. As we have shown, those manifolds are naturally stratified.
By a generalised cell of such a stratification we mean a connected component of the set of generic
points of Mdngα .
We say that two generalised cells C1 and C2 are adjacent it there exist two points, say, x =
(x1, . . . , xn) in C1 and x
′ = (x′1, . . . , x
′
n) in C2 and a path xt = (x1(t), . . . , xn(t)), such that xi(0) = xi
and xi(1) = x
′(i) such that all points on this path are generic except for exactly one point, say,
corresponding to t = t0, which belongs to the stratum of codimension 1.
We say that two generic strata ofMdngα ,M
dn
gβ
are equivalent if there is a homeomorphism ofMdngα →
Mdngβ taking one stratum to the other.
A 0-cell of the manifold of triangulations is an equivalence class of generic strata.
Analogously, we define 1-cells of the manifold of triangulations as equivalence classes of pairs of
adjacent vertices for different metrics Mdngα , M
dn
gβ
to the pair of adjacent vertices equivalent to the
initial ones.
In a similar manner, we define 2-cells as equivalence classes of discs for metrics Mdngα such that:
1. vertices of the disc are points in 0-strata;
2. edges of the disc connect vertices from adjacent 0-strata; each edge intersects codimension 1 set
exactly in one point;
3. the cycle is spanned by a disc which intersects codimension 2 set exactly at one point;
4. equivalence is defined by homeomorphism taking disc to disc, edge to an equivalent edge and
vertex to an equivalent vertex and respects the stratification.
Thus, we get the 2-frame of the manifold Mdntop which might be disconnected.
4
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Figure 1: Codimension 1 corresponds to a flip
Definition 2. The topological n-strand braid groups of the manifold M are the fundamental groups
Bt(M,n)j = pi1((M
dn
top)j), j = 1, . . . , q.
Figure 2: Codimension 2 corresponds to a pentagon
1.3 Combinatorial manifold of triangulations
In the previous sections we constructed manifolds of triangulations basing on the notion of Delaunay
triangulation. We did not actually discuss the existence of such triangulation for a given manifold and
a given set of points, requesting only that the number of points is sufficiently large and points are
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sufficiently dense. It turns out, that this condition is not always sufficient, as shows the work [1] by
Boissonnat et al. Even for a large number of points and a Riemannian manifold with metric arbitrary
close to Euclidian one, there may not exist a Delaunay triangulation.
One may impose additional restrictions on the vertex set or on the manifold itself to overcome this
difficulty, but to work with the most general situation we shall consider the third notion of manifolds of
triangulations: the combinatorial manifold of triangulations which we denote byMdncomb. We construct
the 2-frame of the manifold Mdncomb. The reason is simple: in order to get the fundamental group, one
needs only the 2-frame.
First, we fix n points on the manifold Md and the triangulations of the manifold with vertices in
those points.
The vertices (0-cells) of the frame of the manifold Mdncomb are those triangulations of the manifold
M . Now we do not restrict ourselves to Delaunay triangulations, but consider all triangulations of the
manifold. Moreover, we work with equivalence classes of triangulations modulo the following relation:
two triangulations T1, T2 with (fixed) vertices v1, . . . , vn are said to be equivalent if and only if for
each pair (i, j) ∈ n¯ the vertices vi, vj are connected by an edge of the triangulation T1 if and only if
they are connected by an edge of the triangulation T2. From now on saying “triagulation” we mean
such equivalence class of triangulations.
Two triangulations are connected by an edge (a 1-cell of the frame) if and only if they differ by a
flip — a Pachner move.
Finally, the 2-cells of the frame are chosen to correspond to the relations of the groups Γ (see
ahead). There are two types of such relations. One relation corresponds to the far commutativity, i.e.,
for any two independent flips α, β (flips related to different edges) we define a quadrilateral consisting
of subsequent flips corresponding to α, β, α−1, β−1. The other relations correspond to all possible
simplicial polytopes with d+3 vertices inscribed in the unit sphere. With each polytope of such sort,
we associate a relation of length d+ 3 as shown in Section 2.
Definition 3. The combinatorial n-strand braid groups of the manifoldM are the fundamental groups
Bc(M,n)j = pi1((M
dn
comb)j), j = 1, . . . , q.
2 The groups Γkn
In the present section we consider the case of the manifold Md = Rd being a vector space. In the
present paper we deal mostly with the case of d ≥ 3. The very interesting initial case d = 2 is studied
in [5].
We start with the case d = 3. Consider a configuration of n points in general position in R3. We
can think of these points as lying in a fixed tetrahedron ABCD. The points induce a unique Delaunay
triangulation of the tetrahedron: four points form a simplex of the triangulation if and only if there
is no other points inside the sphere circumscribed over these points. The triangulation transforms as
soon as the points move in the space.
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Figure 4: A quadrilateral pyramid
In order to avoid degenerate Delaunay triangulations we exclude configurations where four points
lie on one circle (intersection of a plane and a sphere).
Transformations of the combinatorial structure of the Delaunay triangulation correspond to con-
figurations of codimension 1 when five points lie on a sphere which does not contain any points inside.
At this moment two simplices of the triangulation are replaced with three simplices as shown in Fig. 3
(or vice versa). This transformation is called a 2-3 Pachner move.
If we want to trace the evolution of triangulations that corresponds to a dynamics of the points we
can mark any Pachner move with a letter. For the move that replace the simplices iklm, jklm with
the simplices ijkl, ijkm, ijlm in Fig. 3 we use the generator aij,klm. Note that 1) we can split the
indices into two subsets according to the combinatorics of the transformation; 2) the generator aij,klm
is not expected to be involutive because it changes the number of simplices of the triangulation.
The relations on generators aij,klm correspond to configurations of codimension 2 which occurs
when either 1) six points lie on the same sphere with empty interior, or 2) there are two spheres with
five points on each of them, or 3) five points on one sphere compose a codimension 1 configuration.
The last case means that the convex hull of the five points has a quadrilateral face (Fig. 4). The
vertices of this face lie on one circle so we exclude this configuration.
If there are two different spheres with five points on each of them, the inscribed simplices for the
first sphere and for the second sphere are different. We can suppose the faces of the inscribed convex
hull has only triangular face for each sphere; otherwise, the codimension should be greater than two.
So the convex hulls can have one common face at most, and we can transform them independently.
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Figure 5: Convex polyhedra with triangular faces and 6 vertices
This gives us a commutation relation
aij,klmai′j′,k′l′m′ = ai′j′,k′l′m′aij,klm,
where
|{i, j, k, l,m} ∩ {i′, j′, k′, l′,m′}| < 4,
|{i, j} ∩ {i′, j′, k′, l′,m′}| < 2,
and
|{i′, j′} ∩ {i, j, k, l,m}| < 2.
Consider now the case of six points on one sphere. The convex hull of these points is a convex
polyhedron. The polyhedron must have only triangle faces; otherwise, there is an additional linear
condition (four points lie on one plane) which rises the codimension beyond 2. There are two such
polyhedra, see Fig. 5.
For the octahedron on the left we specify the geometrical configuration assuming that the orthog-
onal projection along the direction ij maps the points i and j near the projection of the edge kl and
the line ln be higher than km if you look from i to j (Fig. 6). In this case we have six triangulations:
1. ijkl, ijkn, ijlm, ijmn;
2. iklm, ikmn, jklm, jkmn;
3. ikln, ilmn, jkln, jlmn;
4. ijkl, ijkm, ijlm, ikmn, jkmn;
5. ijkl, ijkn, ijln, ilmn, jlmn;
6. ikln, ilmn, jklm, jkmn, klmn.
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Figure 6: An orthogonal projection of the octahedron
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akm,ijn aln,ijm
aij,klnaij,klm
aln,ikm akm,jln
Figure 7: Triangulation graph for the octahedron
The first three have four simplices, the last three have five simplices. The Pachner moves between
the triangulations are shown in Fig. 7. Thus, we have the relation
akm,ijna
−1
ij,klmaln,ikma
−1
km,jlnaij,klna
−1
ln,ijm = 1.
In the case of the shifted octahedron (Fig. 5 right) we assume the line ln lies higher than the line
km when one looks from the vertex i to the vertex j (Fig. 8). Then we have six triangulations:
1. ijkl, ijkm, ijmn;
2. ijkl, ijln, ilmn, jlmn;
3. ijkm, ijmn, iklm, jklm;
4. ijkn, ikln, ilmn, jkln, jlmn;
5. ijkn, iklm, ikmn, jklm, jkmn;
6. ijkn, ikln, ilmn, jklm, jkmn, klmn.
The Pachner moves between the triangulations are shown in Fig. 9. This gives us the relation
aln,ijmakn,ijlakm,jln = akm,ijlakn,ijmaln,ikm.
Now we can give the definition for Γ5n.
Definition 4. The group Γ5n is the group with generators
{aij,klm | {i, j, k, l,m} ∈ n¯, |{i, j, k, l,m}| = 5}
and relations
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aln,ijm akm,ijl
akn,ijmakn,ijl
akm,jln aln,ikm
Figure 9: Triangulation graph for the shifted octahedron
1. aij,klm = aji,klm = aij,lkm = aij,kml,
2. aij,klmai′j′,k′l′m′ = ai′j′,k′l′m′aij,klm, for
|{i, j} ∩ {i′, j′, k′, l′,m′}| < 2, |{k, l,m} ∩ {i′, j′, k′, l′,m′}| < 3
and
|{i′, j′} ∩ {i, j, k, l,m}| < 2, |{k′, l′,m′} ∩ {i, j, k, l,m}| < 3
3. akm,ijna
−1
ij,klmaln,ikma
−1
km,jlnaij,klna
−1
ln,ijm = 1 for distinct i, j, k, l,m, n,
4. aln,ijmakn,ijlakm,jln = akm,ijlakn,ijmaln,ikm, for distinct i, j, k, l,m, n.
The group Γ5n can be used to construct invariants of braids and dynamic systems like the groups
Gkn.
Let us consider the configuration space C˜n(R
3) which consists of nonplanar n-tuples (x1, x2, . . . , xn)
of points in R3 such that for all distinct i, j, k, l the points xi, xj , xk, xl do not lie on the same circle.
We construct a homomorphism from pi1(C˜n(R
3)) to Γ5n. Let
α = (x1(t), . . . , xn(t)), t ∈ [0, 1],
be a loop in C˜n(R
3). For any t the set x(t) = (x1(t), . . . , xn(t)) determines a Delaunay triangulation
T (t) of the polytope conv(x(t)). If α is in general position there will be a finite number of moments
0 < t1 < t2 < · · · < tN < 1 when the combinatorial structure of T (t) changes, and for each p the
transformation of the triangulation at the moment tp will be the Pachner move on simplices with
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vertices ip, jp, kp, lp,mp. We assign to this move the generator aipjp,kplpmp or a
−1
ipjp,kplpmp
and denote
φ(α) =
N∏
p=1
aipjp,kplpmp ∈ Γ
5
n.
Theorem 1. The homomorphism φ : pi1(C˜n(R
3))→ Γ5n is well defined.
Proof. We need to show that the element φ(α) does not depend on the choice of the representative α in
a given homotopy class. Given a homotopy in general position α(τ), τ ∈ [0, 1], of loops in C˜n(R3), the
transformations of the words φ(α(τ)) correspond to point configurations of codimension 2, considered
above the definition of Γ5n, and thus are counted by the relations in the group Γ
5
n. Therefore, the
element φ(α(τ)) of the group Γ5n remains the same when τ changes.
2.1 General case
The braids in higher dimensional Euclidean spaces were defined by the second named author in [6].
For our needs we modify that definition slightly.
Consider the configuration space C˜n(R
k−2), 4 ≤ k ≤ n, consisting of n-point configurations
x = (x1, x2, . . . , xn)
in Rk−2, such that dim convx = k−2 and there are no k−1 points which lie on one (k−4)-dimensional
sphere (the intersection of a (k − 3)-sphere and a hyperplane in in Rk−2).
A configuration x = (x1, x2, . . . , xn) ∈ C˜n(Rk−2) determines a Delaunay triangulation of convx
which is unique when x is in general position. If the vertices xi1 , . . . , xik−1 span a simplex of the
Delaunay triangulation then the interior of the circumscribed sphere over these points does not contain
other points of the configuration. The inverse statement is true when x is generic. The condition that
no k − 1 points lie on one (k − 4)-dimensional sphere ensures that there are no degenerate simplices
in the Delaunay triangulation.
Let α = (x1(t), . . . , xn(t)), t ∈ [0, 1], be a loop in C˜n(R
k−2). For any t the configuration x(t) =
(x1(t), . . . , xn(t)) determines a Delaunay triangulation T (t) of the polytope conv(x(t)). If α is generic
then there will be a finite number of moments 0 < t1 < t2 < · · · < tL < 1 when the combinatorial
structure of T (t) changes. We shall call such configuration singular.
For each singular configuration x(ti), either one simplex degenerates and disappears on the bound-
ary ∂ conv(x(t)) or the Delaunay triangulation is not unique that means that there is a sphere in Rk−2
which contains k points of x on it and no points of x inside. Assuming x is generic, the span of these
k points is a simplicial polytope. Below we shall count only the latter type of singular configurations.
The simplicial polytopes in Rk−2 with k vertices are described in [4]. Each of them is the join
∆P ∗∆Q of simplices ∆P = conv(xp1 , . . . , xpl) of dimension l − 1 ≥ 1 and ∆Q = conv(xq1 , . . . , xqk−l)
of dimension k− l−1 ≥ 1 such that the intersection relint(xp1 , . . . , xpl)∩relint(xq1 , . . . , xqk−l) consists
of one point.
We recall that the join of two sets X,Y ⊂ Rm is defined as
X ∗ Y = {λx+ (1 − λ)y |x ∈ X, y ∈ Y, λ ∈ [0, 1]},
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and the relative interior of a finite set X ⊂ Rm is defined as
relintX =
{∑
x∈X
λxx | ∀x λx > 0,
∑
x∈X
λx = 1
}
.
The polytope ∆P ∗∆Q has two triangulations:
TP = {xP∪Q \ {xp}}p∈P =
{
xp1 · · ·xpi−1xpi+1 · · ·xplxq1 · · ·xqk−l
}l
i=1
and
TQ = {xP∪Q \ {xq}}q∈Q =
{
xp1 · · ·xplxq1 · · ·xqi−1xqi+1 · · ·xqk−l
}k−l
i=1
.
Here P = {p1, . . . , pl}, Q = {q1, . . . , qk−l} and xJ = {xj}j∈J for any J ⊂ {1, . . . , n}.
The condition relint(xP )∩ relint(xQ) = {z} implies P ∩Q = ∅. Thus, when the configuration x(t)
goes over a singular value ti, i = 1, . . . , L, in the Delaunay triangulation simplices TPi are replaced by
simplices TQi for some subsets Pi, Qi ⊂ {1, . . . , n}, Pi ∩ Qi = ∅, |Pi|, |Qi| ≥ 2, |Pi ∪ Qi| = k. This
transformation is called a Pachner move. The pair of subsets (Pi, Qi) we call the type of the Pachner
move. We assign to the transformation the letter aPi,Qi .
Hence, the loop α produces a word
Φ(α) =
L∏
i=1
aPi,Qi (1)
in the alphabet
Akn = {aP,Q |P,Q ⊂ {1, . . . , n}, P ∩Q = ∅, |P ∪Q| = k, |P |, |Q| ≥ 2} .
Now let us consider a generic homotopy αs, s ∈ [0, 1] between two generic loops α0 and α1. A loop
αs = {x(s, t)}t∈[0,1] can contain a configuration of codimension 2. This means that for some t the
configuration x(s, t) has two different k-tuples of points, such that each of them lies on a sphere whose
interior contains no points of x(s, t). If these spheres do not coincide then their intersection contains
at most k−2 points (the intersection can not contain k−1 points because x(s, t) ∈ C˜n(Rk−2)). Hence,
the simplices involved in one Pachner move can not be involved in the other one, so the Pachner moves
can be fulfilled in any order.
If the k-tuples of points lie on one sphere, there is a sphere with k + 1 points of x(s, t) on it and
its interior contains no points of x(s, t). These k + 1 points span a simplicial polytope in Rk−2. Such
polytopes are described in [4]. The description uses the notion of Gale transform.
Let X = {x1, . . . , xn} be a set of n points in Rd such that dim convX = d. Then n ≥ d+ 1. Let
xi = (x1i, . . . , xdi) ∈ Rd, i = 1, . . . , n, be the coordinates of the points of X . The matrix
M =


x11 x12 · · · x1n
x21 x22 · · · x2n
· · · · · · · · · · · ·
xd1 xd2 · · · xdn
1 1 · · · 1


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Figure 10: A pentagon and its Gale transform
has rank d+1. Then the dimension of the space kerM = {b ∈ Rn |Mb = 0} of dependencies between
columns of M is equal to n − (d + 1). Take any basis bj = (bj1, bj2, . . . bjn), j = 1, . . . , n − d − 1, of
kerM and write it in matrix form
B =

 b11 · · · b1n· · · · · · · · ·
bn−d−1,1 · · · bn−d−1,n

 . (2)
The columns of the matrix B form a set Y = y1, . . . , yn, yi = (b1i, . . . , bn−d−1,i), in R
n−d−1. The set
Y is called a Gale transform of the point set X . Gale transforms which correspond to different bases
of kerM are linearly equivalent. The vectors of the Gale transform Y may coincide.
Example 1. Let X be a pentagon in R2 with vertices x1 = (0, 2), x2 = (−2, 1), x3 = (−1,−1),
x4 = (1,−1), x5 = (2, 1), see Fig. 10 left. Then
M =

 0 −2 −1 1 22 1 −1 −1 1
1 1 1 1 1


and
B =
(
−4 1 3 −5 5
−4 6 −7 5 0
)
.
The Gale transform Y consists of vectors y1 = (−4,−4), y2 = (1, 6), y3 = (3,−7), y1 = (−5, 5),
y1 = (5, 0), see Fig. 10 right.
Let Y = y1, . . . , yn be a Gale transform of X . The set
Y¯ = {y¯1, . . . , y¯n}, y¯i =
{
yi
‖yi‖
, yi 6= 0,
0, yi = 0
is called a Gale diagram of the point set X . It is a subset of Sn−d−2 ∪ {0}.
Denote N = {1, . . . , n}. Two subsets Y¯ = {y¯1, . . . , y¯n} and Y¯ ′ = {y¯′1, . . . , y¯
′
n} in S
n−d−2 ∪ {0} are
called equivalent if there is a permutation σ of N such that for any J ⊂ N
0 ∈ relint Y¯J ⇐⇒ 0 ∈ relint Y¯
′
σ(J).
Here we denote Y¯J = {y¯i}i∈J and Y¯ ′J = {y¯
′
i}i∈J .
The properties of Gale diagrams can be summarized as follows [4].
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Figure 11: Standard Gale diagrams of small order
Theorem 2. 1. Let X be a set of n points which are vertices of some polytope P in Rd and Y¯ be its
Gale diagram. Then the set of indices J ⊂ N defines a face of P if and only if 0 ∈ relintYN\J .
2. Let X and X ′ be sets of vertices of polytopes P and P ′, |X | = |X ′|, and Y¯ and Y¯ ′ be their Gale
diagrams. Then P and P ′ are combinatorially equivalent if and only if Y¯ and Y¯ ′ are equivalent.
3. For any n-point set Y¯ ∈ Sn−d−2 ∪ {0} such that Y¯ spans Rn−d−1 and 0 lies in the interior of
conv Y¯ , there is an n-point set X in Rd such that Y¯ is a Gale diagram of X.
The theorem implies (see [4]) that simplicial polytopes with k+1 vertices in Rk−2 are in a bijection
with standard Gale diagrams in R2 (defined uniquely up to isometries of the plane).
A standard Gale diagram of order l = k+1 is a subset Y¯ , |Y¯ | = l, of the vertices set {e
piip
l }2l−1p=0 of
the regular 2l-gon inscribed in the unit circle S1, such that:
1. any diameter of S1 contains at most one point of Y¯ ;
2. for any diameter of S1, any open half-plane determined by it contains at least two points of Y¯ .
The first property means the corresponding polytope is simplicial, the second means any of the
k + 1 vertices of the polytope is a face.
The number cl of standard Gale diagrams of order l is equal to
cl = 2
[ l−32 ] −
[
l+ 1
4
]
+
1
4l
∑
h : 2∤h|l
ϕ(h) · 2
l
h ,
where l = 2a0
∏t
i=1 p
ai
i is the prime decomposition of l, and ϕ is Euler’s function. For small l the
numbers are c5 = 1, c6 = 2, c7 = 5, see Fig. 11.
Let us describe the triangulations of the simplicial polytopes with k + 1 vertices in Rk−2.
Let X = {x1, . . . , xn} be a subset in Rd, so xi = (xi1, . . . , xid), i = 1, . . . , n. Let P = convX be
the convex hull of X , assume that dimP = d. A triangulation T of the polytope P with vertices in
X is called regular if there is a height function h : X → R such that T is the projection of the lower
convex of the lifting Xh = {xh1 , . . . , x
h
n} ⊂ R
d+1, where xhi = (xi, h(xi)). This means that a set of
indices J ⊂ {1, . . . , n} determines a face of T if and only if there exists a linear functional φ on Rd+1
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such that φ(0, . . . , 0, 1) > 0 and J = {i |φ(xhi ) = minxh∈Xh φ(x
h)}. In case T is regular we write
T = T (X,h). Any generic height function induces a regular triangulation.
The Delaunay triangulation of X is regular with the height function h : Rd → R, h(z) = ‖z‖2 =∑d
i=1 z
2
i if z = (z1, . . . , zd) ∈ R
d.
A height function h : X → R can be regarded as a vector h = (h1, . . . , hn) ∈ Rn where hi = h(xi).
Denote β(h) = Bh ∈ Rn−d−1 where B is the matrix (2) used to define a Gale transform of X . Let
Y¯ = {y¯1, . . . , y¯n} be a Gale diagram of X . Convex cones generated by the subsets of Y¯ split the
space Rn−d−1 into a union of conic cells. A relation between the triangulation T (X,h) and the Gale
diagram Y¯ can be described as follows.
Theorem 3. 1. If T (X,h) is a regular triangulation of X then β(h) belongs to a conic cell of
maximal dimension in the splitting of Rn−d−1 induced by Y¯ .
2. Let J ⊂ N = {1, . . . , n}. The set XJ spans a cells of the triangulation T (X,h) if and only if
β(h) ∈ concone(Y¯N\J), where concone(XN\J) is the convex cone spanned by the set Y¯N\J .
Let P be a simplicial polytopes with l = k + 1 vertices in Rl−3 and Y¯ = {y¯1, . . . , y¯l} be the
corresponding standard Gale diagram. By Theorem 3 there are l different regular triangulation which
correspond to open sectors between the rays spanned by the vectors of Y¯ . The graph whose vertices
are combinatorial classes of triangulations of P and the edges are Pachner moves, is a cycle. Let us
find which Pachner moves appear in this cycle.
We change the order of vertices of P (and hence, the order of the points of Y¯ ) so that the
points y¯1, . . . , y¯l appear in this sequence when one goes counterclockwise on the unit circle. For
each i denote RY¯ (i) (respectively, LY¯ (i)) be the set of indices j of vectors y¯j that lie in the right
(respectively, left) open half-plane incident to the oriented line spanned by the vector y¯i. Then the
Pachner move which occurs when the vector β(h) passes y¯i from right to left, will be marked with
the letter aRY¯ (i),LY¯ (i) ∈ A
l−1
l . The Pachner moves of the whole cycle of triangulation give the word
wY¯ =
∏l
i=1 aR(i),L(i).
Thus, we have the relation wY¯ = 1 that we should imply in order to make the words like Φ(α)
independent on resolutions of configurations of codimension 2.
Example 2. Consider the standard Gale diagram of order 5, Fig. 12. Then we have R(1) = {4, 5},
L(1) = {2, 3}, R(2) = {1, 5}, L(2) = {3, 4} etc. The corresponding word is equal to
w = a45,23a15,34a12,45a23,15a34,12.
We can give now the definition of Γkn groups.
Definition 5. Let 4 ≤ k ≤ n. The group Γkn is the group with the generators
aP,Q, P,Q ⊂ {1, . . . , n}, P ∩Q = ∅, |P ∪Q| = k, |P |, |Q| ≥ 2,
and the relations:
1. aQ,P = a
−1
P,Q;
15
12
3
4
5
Figure 12: Standard Gale diagram of order 5
2. far commutativity: aP,QaP ′,Q′ = aP ′,Q′aP,Q for each generators aP,Q, aP ′,Q′ such that
|P ∩ (P ′ ∪Q′)| < |P |, |Q ∩ (P ′ ∪Q′)| < |Q|,
|P ′ ∩ (P ∪Q)| < |P ′|, |Q′ ∩ (P ∪Q)| < |Q′|;
3. (k + 1)-gon relations: for any standard Gale diagram Y¯ of order k + 1 and any subset M =
{m1, . . . ,mk+1} ⊂ {1, . . . , n}
k+1∏
i=1
aMR(Y¯ ,i),ML(Y¯ ,i) = 1,
where MR(Y¯ , i) = {mj}j∈RY¯ (i), ML(Y¯ , i) = {mj}j∈LY¯ (i).
Example 3. Let us write the (k + 1)-gon relations in Γkn for small k.
The group Γ4n has one pentagon relation
am4m5,m2m3am1m5,m3m4am1m2,m4m5am2m3,m1m5am3m4,m1m2 = 1.
Our definition of Γ4n differs slightly from the definition of these groups in [5]. To obtain the groups
defined in [5] we should add relations a2m1m2,m3m4 = 1 and
am1m2,m3m4am1m2,m5m6 = am1m2,m5m6am1m2,m3m4 ,
am1m2,m3m4am1m5,m2m6 = am1m5,m2m6am1m2,m3m4 ,
where |{m3,m4} ∩ {m5,m6}| ≤ 1.
The group Γ5n has two hexagon relations
am5m6,m2m3m4am1m5m6,m3m4am1m2,m4m5m6am1m2m3,m5m6am3m4,m1m2m6am3m4m5,m1m2 = 1,
am5m6,m2m3m4am1m5m6,m3m4am1m2m6,m4m5am1m2m3,m5m6am3m4,m1m2m6am4m5,m1m2m3 = 1
as we have seen in the previous subsection.
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The group Γ6n has five heptagon relations
am6m7,m2m3m4m5am1m6m7,m3m4m5am1m2m6m7,m4m5am1m2m3,m5m6m7 ·
am1m2m3m4,m6m7am4m5,m1m2m3m7am4m5m6,m1m2m3 = 1,
am6m7,m2m3m4m5am1m6m7,m3m4m5am1m2m6m7,m4m5am1m2m3m7,m5m6 ·
am1m2m3m4,m6m7am4m5,m1m2m3m7am5m6,m1m2m3m4 = 1,
am6m7,m2m3m4m5am1m6m7,m3m4m5am1m2m7,m4m5m6am1m2m3m7,m5m6 ·
am1m2m3m4,m6m7am3m4m5,m1m2m7am5m6,m1m2m3m4 = 1,
am6m7,m2m3m4m5am1m6m7,m3m4m5am1m2m7,m4m5m6am1m2m3,m5m6m7 ·
am1m2m3m4,m6m7am3m4m5,m1m2m7am4m5m6,m1m2m3 = 1,
am5m6m7,m2m3m4am1m6m7,m3m4m5am1m2m7,m4m5m6am1m2m3,m5m6m7 ·
am2m3m4,m1m6m7am1m4m5,m1m2m3m7am4m5m6,m1m2m3 = 1.
Theorem 4. Formula (1) defines a correct homomorphism
Φ: pi1(C˜n(R
k−2))→ Γkn.
Proof. We need to show that the element Φ(α) does not depend on the choice of the representative
α in a given homotopy class. Given a generic homotopy α(τ), τ ∈ [0, 1], of loops in C˜n(Rk−2), the
transformations of the words Φ(α(τ)) correspond to point configurations of codimension 2, considered
above the definition of Γkn, and thus are counted by the relations in the group Γ
k
n. Therefore, the
element Φ(α(τ)) of the group Γkn remains the same when τ changes.
3 Main results
3.1 Γk
n
-valued invariant of braids on manifolds
Theorem 5. Let (Md, g) be a manifold with a Riemannian metric and B(Mg, n)j, j = 1, . . . , p be its
geometrical braid groups. Then for any j there is a well defined mapping B(Mg, n)j → Γd+2n .
Proof. By Definition 1, the space of geometrical braids on the manifold Md is the fundamental group
of the manifold of triangulations: B(Mg, n)j = pi1((M
dn
g )j). Hence, we need to construct a mapping
from homotopy classes of loops in (Mdng )j into the group Γ
d+2
n .
Let us fix a number j and consider a loop
α = (x1(t), . . . , xn(t)), t ∈ [0, 1]
in (Mdng )j , where for each i = 1, . . . , n the point xi(t) ∈ M
d. For each t the collection of points
(x1(t), . . . , xn(t)) defines a Delaunay triangulation T (t) of the manifold M . If the loop α is in general
position, then there is a finite number of moments 0 < t1 < · · · < tN < 1 when the combinatorial
structure of the triangulation T (t) changes. Each of those moments tp corresponds to a codimension
1 configuration of points of the manifold Md, and at each of them the triangulation undergoes some
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Pachner move, which transforms the triagulation simplices TPp into simplices TQp , where Pp, Qp ⊂
{1, . . . , n}, Pp ∩Qp = ∅, |Pp|, |Qp| ≥ 2 and |Pp ∪Qp| = d+ 2. To each of those moments we attribute
the element aPp,Qp of the group Γ
d+2
n .
Thus a loop α produces a word
Φ(α) =
N∏
p=1
aPp,Qp .
Now we need to prove that this mapping Φ: pi((Mdng )j) → Γ
d+2
n is well defined. In other words,
we shall prove that the element Φ(α) does not depend on the choice of a representative in a given
homotopy class.
Let α(τ) be a generic homotopy, where τ ∈ [0, 1] and α(0) = α. With it we associate a family
of words Φ(α(τ)) ∈ Γd+2n . Note that the word Φ(α(τ)) changes whenever the loop passes through
a point of codimension 2 in the manifold of triangulations Mdng . But such configurations of points
in Md exactly correspond to the relations of the group Γd+2n . Therefore the element Φ(α(τ)) of the
group Γd+2n remains the same when τ changes.
Quite analogously, we get the following
Theorem 6. Let Md be a smooth manifold of dimension d and B(M,n)j, j = 1, . . . , q, be its topo-
logical braid groups. Then for any j there is a well defined mapping B(M,n)j → Γd+2n .
Proof. By Definition 2, the topological braids group on the manifold Md is the fundamental group of
the manifold of triangulations: B(M,n)j = pi1((M
dn
top)j).
Consider a loop γ in the manifold Mdntop and let γ be in general position. There is a finite number
of intersections x1, . . . ,xk between the loop γ and the codimension 1 stratum of the manifold of
triangulations, where the triangulation undergoes a flip. Consider an intersection point xi and its
neighbourhood U . The intersection point xi is a set of points x1,i, . . . , xn,i ∈M .
Consider two metrics gα and gβ on the manifold M , yielding a structure of geometrical manifold
of triangulations on the neighbourhood U . Let us denote the neighbourhood U equipped with the
corresponding metric by Ugα and Ugβ , respectively. As it was described in Section 1, equivalence of
strata of the manifolds of triangulationMdngα andM
dn
gβ
is defined by an existence of a homeomorphism
h : Mdngα →M
dn
gβ
with certain properties.
The arc l = γ∩U ⊂Mdntop gives rise to an arc l1 ⊂ Ugα and an arc l2 ⊂ Ugβ , and l2 = h(l1) where h
is the homeomorphism from the definition of cell equivalence. Likewise, the intersection point Xi ∈ U
gives a point X ′i ∈ Ugα and a point X
′′
i ∈ Ugβ . Naturally, those points are the intersections between
the codimension 1 stratum of the corresponding manifold and the arcs l1, l2, respectively.
At the point xi a certain Pachner move occurs. The type of this move is independent of the metric
chose on the manifold. Therefore, the Pachner moves occurring in the points x′i,x
′′
i of the manifolds
Ugα , Ugβ are, in fact, one and the same. Choosing the numbering of the n points which form the
vertices of the triangulations, we hence obtain the same generator of the group Γd+2n corresponding
to this intersection point. Therefore the letter which appears in the word Φ(γ) does not depend on
the choice of the metric.
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Therefore the mapping Φ is defined on the fundamental group of the topological manifold of
triangulations Mdntop and due to Theorem 5 it does not depend on the choice of a representative in the
homotopy class of a loop. Hence, it is a well defined mapping from B(M,n)j to the group Γ
d+2
n .
Hence, we get invariants of smooth metrical manifolds and of topological manifolds: these invari-
ants are the corresponding images of the fundamental group of the manifold of triangulations in the
corresponding group Γkn.
One can proceed playing the same game with manifolds having other structures (complex, contact,
symplectic, Ka¨hler, or related to an action of some group). The definition of the corresponding
manifolds of triangulations is left to the reader.
3.2 Braids in Euclidean spaces and several copies of Γk
n
It turns out that the above approach allows one to construct well defined homomorphisms from the
braid groups pi1(C˜
n(Rk−2)) not just to Γkn but to Γ
k
n × · · · × Γ
k
n (n − k copies where n is the total
number of points).
Indeed, consider a dynamics of points in Rk−2. We shall take into account all those moments
when k points belong to the same sphere. Whenever k points lie on the same sphere, one can index
everything by pairs of numbers: how man points are on the one side, how many ones are on the other.
Then we get the product Γ× Γ × Γ× . . . , where the first gamma means “0 points on the one hand,
n− k on the other”, the second means “1 point on the one hand, n− k− 1 on the other”, etc. Now if
n 6= 2k, n 6= 2k + 1, n 6= 2k − 1, then the configurations “k points on one side” can be treated exactly
in the same way as the configurations where all the points are inside.
3.3 Triangulations of polyhedra and groups Γk
n
Triangulations of a given convex polyhedra are well studied. If we deal with stable triangulations, the
set of those form a simplicial complex [3].
In the present section, we show that they can be treated as elements of a certain group provided
that some fixed triangulation plays the role of the unit element.
Let x = {x1, . . . , xn} ⊂ Rd, n > d, be the vertex set of a polytope W in general position, namely,
any d+ 1 points of x do not belong to one hyperplane. Let T be the set of regular triangulations of
W (see page 14). We can consider T as a graph whose vertices are regular triangulations and whose
edges are Pachner moves. This graph is connected, see [9].
Choose a regular triangulation T0 ∈ T . For any other triangulation T ∈ T there is a path
γ = e1e2 . . . el from T0 to T where each edge ei is a Pachner move of type (Pi, Qi), see page 12. We
assign the word ϕ(T ) =
∏l
i=1 aPi,Qi ∈ Γ
d+2
n to the triangulation T .
Let Cay(Γd+2n ) be the Cayley graph of the group Γ
d+2
n corresponding to the group presentation
given in Definition 5.
Theorem 7. The correspondence T 7→ ϕ(T ) defines an embedding of the graph T into the graph
Cay(Γd+2n ).
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Figure 13: A pentagon and its secondary polytope.
Proof. We must show first that the map ϕ is well-defined, i.e. that the element ϕ(T ) does not depend
on the choice of a path connecting T0 with T .
It follows from the theory of I.M. Gelfand, M.M. Kapranov and A.V. Zelevinsky [3, Chapter 7]
that the graph T is the edge graph of some polytope Σ(W ) (called the secondary polytope of W ),
see Fig. 13. The faces of Σ(W ) correspond to triangulations which coincide everywhere except for
divisions of two subpolytopes with d + 2 vertices or a subpolytope with d+ 3 vertices in W . Hence,
the faces give exactly the relations in Γd+2n which appear in Definition 5. Thus, two different paths
γ and γ′, connecting T0 with some triangulation T , produce words ϕ(γ) and ϕ(γ
′) which differ by
relations in Γd+2n , so ϕ(γ) = ϕ(γ
′) ∈ Γd+2n .
In order to proof that ϕ is injective we construct a left inverse map to it.
Denote N = {1, . . . , n}. Any subset P ⊂ N consisting of l + 1 elements we call a formal l-
dimensional simplex. Let Cl(n) be the linear space over Z2 whose basis consists of all the l-dimensional
formal simplices. We can identify Cl(n) ≃ Z
( nl+1)
2 with the space of l-chains of the simplicial complex
for a (n−1)-dimensional simplex whose vertices are marked with numbers 1, 2, . . . , n. The differential
∂ : Cl(n)→ Cl−1(n) of this complex is defined by the formula
∂(P ) =
∑
p∈P
P \ {p}.
Any triangulation T of W defines a d-chain c(T ) =
∑
P : xP∈T
P such that ∂c(T ) = ∂W where
∂W is the formal sum of (d − 1)-dimensional faces forming the boundary of the polytope W . The
triangulation T can be restored from its chain c(T ) as the support of the chain. Thus, we can identify
triangulations of W with a subset of Cd(n).
If a triangulation T ′ differs form a triangulation T by applying a Pachner move of type (P,Q) then
c(T ′)− c(T ) = ∂(P ∪Q).
Define a homomorphism ψ : Γd+2n → Cd(n) by the formula
ψ(aP,Q) = ∂(P ∪Q) =
∑
i∈P∪Q
(P ∪Q) \ {i}.
The map ψ annihilates the relations of Γd+2n because they come from cycles of triangulations of
some polytope with d+3 vertices (or two polytopes with d+2 vertices). The image of a relation is equal
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Figure 14: Associahedron K5.
to the difference of the chains for the final triangulation and the initial one. But these triangulations
coincide so the image is zero. Thus, ψ defines a correct homomorphism from Γd+2n to Cd(n) ≃ Z
( nd+1)
2 .
For any regular triangulation T consider a path γ = e1e2 . . . el which connects T0 with T in T .
Any edge ei of γ corresponds to a Pachner move of type (Pi, Qi). Then
c(T )− c(T0) =
l∑
i=1
∂(Pi ∪Qi) =
l∑
i=1
ψ(aPi,Qi) = ψ(ϕ(T )).
Thus, the element ϕ(T ) determines the chain c(T ), hence, it determines uniquely the triangulation
T .
Example 4. Let W ⊂ R2 be a convex n-gon. Its secondary polytope Σ(W ) is the associahedron
(Stasheff polytope) Kn−1 [13], see Fig. 14. Thus, we have the following statement:
Corollary 1. The graph Cay(Γ4n) contains a subgraph isomorphic to the edge graph of the associahe-
dron Kn−1.
3.4 The groups Γ˜k
n
We finish the paper with a slight variation on the groups Γkn. Geometrically speaking, here we consider
oriented triangulations. Therefore, the indices of the generators of the groups are not independent
and do not freely commute as was seen, for example, in the groups Γ5n (see Definition 4, first relation).
To be precise, we introduce the following:
Definition 6. Let 5 ≤ k ≤ n. The group Γ˜kn is the group with the generators
{aP,Q |P,Q— cyclically oriented subsets of {1, . . . , n}, P ∩Q = ∅, |P ∪Q| = k, |P |, |Q| ≥ 2},
and the relations:
1. aQ,P = aQ′,P ′ , where Q = Q
′, P = P ′ as unordered sets, and as cyclically ordered sets Q differs
from Q′ by one transposition and P differs from P ′ by one transposition;
2. aQ,P = a
−1
P,Q;
21
12
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6
1
2
3
4
5
6
a35,164
a
−1
46,253
a46,135
a
−1
35,246
Figure 15: A movement of a point around the configuration of four points on one circle
3. far commutativity: aP,QaP ′,Q′ = aP ′,Q′aP,Q for each generators aP,Q, aP ′,Q′ such that
|P ∩ (P ′ ∪Q′)| < |P |, |Q ∩ (P ′ ∪Q′)| < |Q|,
|P ′ ∩ (P ∪Q)| < |P ′|, |Q′ ∩ (P ∪Q)| < |Q′|;
4. (k + 1)-gon relations: for any standard Gale diagram Y¯ of order k + 1 and any subset M =
{m1, . . . ,mk+1} ⊂ n¯
k+1∏
i=1
aMR(Y¯ ,i),ML(Y¯ ,i) = 1,
where MR(Y¯ , i) = {mj}j∈RY¯ (i), ML(Y¯ , i) = {mj}j∈LY¯ (i).
These groups have the same connection to geometry and dynamics as the groups Γkn defined above.
To illustrate that, consider the following dynamical system.
Example 5. Let us have a dynamical system describing a movement of a point around the config-
uration of four points on one circle, see Fig. 15. Such system may be presented as the word in the
group Γ˜56
w = a35,164a
−1
46,253a46,135a
−1
35,246.
We can show that φ(α) is nontrivial in the abelianisation (Γ˜56)ab = Γ˜
5
6/[Γ˜
5
6, Γ˜
5
6] of the group Γ˜
5
6.
Computer calculations show that the group (Γ˜56)ab can be presented as the factor of a free commutative
group with 120 generators modulo 2 · 6! = 1440 relations that span a space of rank 90 if we work over
Z2. Adding the element w to the relations increases the rank to 91, so the element w is nontrivial in
(Γ˜56)ab, therefore it is nontrivial in Γ˜
5
6.
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Hence, we have encountered a peculiar new effect in the behaviour of Γ˜5n which is not the case of
Gkn. Certainly, the abelianisation of G
k
n is non-trivial and very easy to calculate since any generator
enters each relation evenly many times. However, this happens not only for relations but for any
words which come from braids. Thus, any abelianisations are trivial in interesting cases.
For Γ˜kn, it is an interesting new phenomenon, and the invariants we have demonstrated so far are
just the tip of the iceberg to be investigated further.
Note that both for the groups Γkn and Γ˜
k
n we have many invariants since the corank of those groups
is big.
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